This paper analyses the risk of extreme coastal events in major European coastal cities using a stochastic diffusion model that is calibrated with the worst case emission scenario from the Intergovernmental Panel for Climate Change (IPCC), i.e., the representative concentration pathway (RCP) 8.5. The model incorporates uncertainty in the sea-level rise (SLR) distribution. Expected mean annual losses are calculated for 19 European coastal cities, together with two risk measures: the Value at Risk (VaR) and the Expected Shortfall (ES). Both measures are well-known in financial economics and enable us to calculate the impact of the worst SLR paths under uncertainty. The results presented here can serve as valuable inputs for cities in deciding how much risk they are willing to accept, and consequently how much adaptation they need depending on the risk aversion of their decision-makers.
INTRODUCTION
Sea-level rise (SLR) is a major threat to coastal areas across the world as a much of the world's population and socio-economic infrastructures are concentrated precisely in those areas (Revi et al., 2014) . Low elevation coastal zones (LECZ) comprise the strip with elevations lower than 10 m above sea level. Such areas account for only 2% of the world's land, but they contain 10% of the global population. About two thirds of mega-cities with populations above 5 million people are located in low lying coastal areas and the population at risk from 100-year-return-period coastal extreme events has increased by 95% in the last 40 years (McGranahan et al., 2007) . As a result, global damage associated with coastal flooding is expected to increase, not only due to the global rise in sea level, but also due to the increase in the number and the value of assets at risk (Wong et al., 2014) . Urban areas can therefore be considered one of the main "hotspots of coastal vulnerability" (Newton and Weichselgartner, 2014, p. 125) .
Being so vulnerable to the impacts of climate change, coastal cities have a major role in adapting to them. In this effort, one important way to enhance resilience and reduce vulnerability is to integrate the concept of risk (and therefore risk management) into regional and local decision-making processes (Newton and Weichselgartner, 2014) .
The literature on disaster risk management that assesses the impacts of extreme events is vast, and can provide relevant information to local policy and decision-makers. However, when addressing climate change related issues, uncertainty is one of the main difficulties that need to be dealt with. The traditional framework for estimating flood risk damage is most commonly based on providing annual average losses obtained in a deterministic way, and of course not accounting for uncertainty. Innovative decision support tools that can help deal with uncertainty are thus required (Watkiss et al., 2015) . There are other studies that have taken uncertainty into account: For example Boettle et al. (2013 Boettle et al. ( , 2016 use Extreme Value Theory (EVT) to assess coastal extremes in two Danish cities -Copenhagen and Kalundborg.
In this paper we propose two methods for incorporating uncertainty in the context of adaptation to climate change. The first consists of defining a stochastic process for estimating changes in sea level, in this case for the worst case emission scenario posited by the Intergovernmental Panel on Climate Change (IPPC), i.e., representative concentration pathway (RCP) 8.5, from 2010 to the end of the century. Uncertainty is also accounted for by including volatility in the probability distribution of SLR. We apply this development to data on 19 European major coastal cities for which relative SLR distributions were available (Kopp et al., 2014) .
The second method consists of estimating two risk measures, namely Value-at-Risk (VaR) and Expected Shortfall (ES). Risk measure approaches have long been used in economics to effectively account for uncertainty in many variables (such as prices) by adding stochastic behavior to deterministic formulations. The VaR and ES are well-established measures in financial economics (Wilmott, 2000; Hull, 2012) . This approach, used in other fields (Abadie and Chamorro, 2013; Abadie and Galarraga, 2015) , is adapted and applied to the field of climate change economics in this paper. It is only recently that this approach has begun to be used in the assessment of climate risk, though both measures are very suitable in the field of the economics of adaptation, where they can provide new ways to deal with so-called tail events, i.e., low-probability, high-impact events.
Hence, the objectives of this paper are as follows: (i) to apply a method that enables uncertainty to be accounted for in future SLR outcomes for each European city under analysis; and (ii) to estimate the risk of damage for each city under the most extreme SLR scenario (RCP8.5) for different time periods. This information can be used for instance, to define acceptable levels of risk for each city. Awareness of the magnitude and timing of risk is a key element for defining how much adaptation is needed and by when it needs to be put into practice.
The main contribution of our study is the calibration of a stochastic diffusion model with regionalized SLR for each city. We obtain the expected damage for every year from the baseline to 2100 as well as two risk measures, namely the VaR and the ES, with the latter being especially important. We believe that this study can provide guidance for coastal managers and policy makers in dealing better with coastal extreme events ("tail events"; Hinkel et al., 2015) .
METHODS
This paper has two main parts: first it calibrates a stochastic diffusion model using regionalized IPCC data. That calibration provides a probability distribution of SLR at any time between the baseline and the end of the period considered (2100). As the aim of this study is not to measure expected damage but the impact of the worst 5% of cases, secondly we measure risk through two methodologies: the first is the value at risk (VaR), which reveals that only in 5% of cases will a certain level of damage be exceeded. The VaR therefore shows when the tail of the worst cases starts, but it does not tell us any more about that tail. In spite of its widespread use, the VaR does not have the best properties for assessing risk (see for example, Hull, 2012) . This is why we also use the Expected Shortfall (ES) as a more relevant risk measure. The ES represents the average damage in the worst cases (in our study, the worst 5%). Although we consider ES a much more appropriate risk measure, we also consider the VaR as it is a standard measure which is widely used in financial economics.
Future Projections of Sea-Level Rise at City Level
Global sea-level has risen by more than 20 cm since 1980 (Hardy and Nuse, 2016) and the rate of SLR during the twentieth century is estimated to have been 1.7 ± 0.3 mm year −1 (Church and White, 2006, p. 2) . However, recent estimates measured via satellite altimetry show an acceleration range of 2.6-2.9 ± 0.4 mm year −1 for the period between 1993 and mid-2014 (Watson et al., 2015) .
Deciding on how much adaptation to climate change is needed at local scale and when to implement it requires detailed information on future risks. The latest IPCC projections of mean global sea-level changes (Church et al., 2013) , the socalled Representative Concentration Pathways (RCPs), do not provide the level of information required for local and regional policies. There is clear evidence of global SLR as a result of climate change (Church et al., 2013) but the relative sea level varies widely on a local and regional basis (Stammer et al., 2013) . Relative sea level represents the actual relationship between the ocean surface and the land, and it depends on several factors: (i) eustatic determinants, i.e., absolute changes in sea level as a result, for example, of thermal expansion or ice melting (Lambeck et al., 2010) ; (ii) static equilibrium effects, defined as "perturbations in the Earth's gravitational field and crustal height associated with the redistribution of mass between the cryosphere and the ocean" (Kopp et al., 2014: 383) ; (iii) glacial isostatic adjustment, which causes the uplift of land in the areas affected by ice-caps during the last glaciation (Simon et al., 2016) ; (iv) vertical land uplift resulting from other local processes such as tectonism or subsidence due to groundwater depletion or sediment compaction (Miller et al., 2013; Kopp et al., 2014) .
A comprehensive dataset of local sea-level projections was developed by Kopp et al. (2014) for a worldwide network of tidegage sites. The projections in that dataset consider the following factors that contribute to changes in sea level: (i) three ice-sheet components; (ii) glacier and ice caps; (iii) surface mass balance; (iv) oceanographic processes; (v) land water storage; and (vi) other long-term local non-climatic factors such as glacial isostasy, tectonics, and sediment compaction.
Another limitation of the IPCC projections is that only likely probability ranges are given (i.e., 66-100% probability ranges), so low-probability, high-damage events are left out. Of course, this makes it very difficult to assess tail events. However, for coastal cities Kopp et al. (2014) provide the full probability distribution for each site, which enables us to focus on the worst cases and estimate the risk for the major coastal cities in Europe. We use the 2030, 2050 and 2100 medians and the 95 percentile in 2100 from Kopp et al. (2014) for 19 European cities (see Table 1 ) to calibrate a stochastic diffusion model that enables us to estimate the change in sea-level for each city at any given point in time up to the year 2100.
Note that the concept of risk used in this paper focuses on the probability of occurrence of the worst cases, so we are only considering the most extreme SLR scenario (RCP8.5), which is a business as usual scenario (Grinsted et al., 2015) 1 .
A Continuous Stochastic Diffusion Model for Local Sea-Level Rise
We now apply the Geometric Brownian Motion stochastic process (GBM) (Wilmott, 2000; Hull, 2012; Abadie and Chamorro, 2013) to estimate the changes in sea level for each city k, as defined in Equation (1):
where V k t represents the SLR of city k at time t, plus an initial value V k 0 . This current value grows at rate α k ; the term σ k is the instantaneous volatility, and dW k t denotes the increment to a standard Wiener process. The initial value V k 0 is used to ensure a better fit of the modeling of the RCP8.5 scenario of each city. This is only a scale change.
Equation (1) Geometric Brownian motion is a standard stochastic diffusion model in financial economics and has well-known properties. As we are applying a stochastic diffusion model to represent SLR uncertainty, we selected this model for its simplicity, the small number of parameters that is uses, and its characteristics. One of its main features is that its value grows exponentially, which adapts to IPCC scenarios, where the value is expected to behave in this way. This makes for a better calibration 2 .
One of the characteristics of this model is that it does not generate negative values, so V k t > 0 at all times. For this reason, the initial value V k 0 must be different from zero, otherwise we would always obtain dV k t = 0. This limitation can be solved by using a base level V k 0 placed below current sea level whose value is calculated optimally. Thus, the effective SLR at time t S k t is estimated as the difference between V k t and V k 0 . S k t = V k t − V k 0 . At a time t this distribution process generates a log-normal distribution where the first moment (mean) is defined by Equation (2):
And the median is defined by Equation (3):
The variance is expressed by Equation (4):
If we now define X k t = ln V k t then X k t follows a normal distribution with the moments defined by Equations (5)- (7):
As mentioned, the model is calibrated using the median SLR data for 2030, 2050, and 2100 and the 95% upper percentile in 2100 presented in Table 1 . The results of the calibration process are shown in Table 2 . These values are calculated as follows: first we obtain the value of SLR (V k 0 ) in each city k and
2 in a way that meets Equation (8): where the initial year is 2007 and thus t = 23,43,93 correspond to 2030, 2050, and 2100 respectively. The 95% percentile calibration process is based in the following lognormal property:
where EF K t is the error factor, defined as:
Equations (9) and (10) calculated previously we can obtain the expected sea-level-rise growth rate α k for each city. Using this model, we obtain a probability distribution of SLR for each city that changes over time. Figure 1 illustrates this trend in probability for London. Observe that average values shift toward higher sea levels, but the shape of the distribution also changes.
Estimating Risk Measures
As previously stated, the use of risk indicators such as the VaR (α) and ES (α) enables uncertainty to be accounted for by focusing on tail events. VaR (α) is the value of the loss corresponding to an SLR in the (α) percentile while ES (α) refers to the mean expected loss when the VaR is exceed. A full description of the risk measures can be found in Artzner et al. (1999) and in the Supplementary Material to this paper. In this case we have selected the 95% percentile to represent the very low-probability but high-damage events that are attracting increasing attention in the literature of climate change economics (Weitzman, 2009 (Weitzman, , 2013 Nordhaus, 2011) . The rationale behind assessing these events is the huge scale of the potential damage, despite their low probability of occurrence (Pindyck, 2011) .
The GBM stochastic model defined by Equation (1) is now used to generate a large number of scenarios using Monte Carlo simulation methods that enable us to calculate the risk of damage caused by SLR using the VaR (α) and the ES (α).
The first step in this process is to find a discretization algorithm which is both exact and simple, i.e., with which the differential equation can be integrated exactly; the result is as follows:
Equation (11) is the solution to stochastic differential Equation (1) (see Kloeden and Platen, 1999) . Now, over a time step t we have:
where S denotes the change in S over t, and ε stands for a random sample from a N(0,1) distribution. This calculation follows the method presented in Abadie and Chamorro (2013) , where a Monte Carlo method is applied together with stochastic diffusion models. Equation (12) corresponds to the use of a numerical method (in this case Monte Carlo) for resolving (Equation 11 ). Note that (Equation 12) does not depend on the size of t. Therefore, t need not be small. Indeed, if there is just one risk value which depends only on the terminal value of the asset then the latter can be simulated in a great leap using a time step of length T. However, there is still a minor error that can arise from using a finite number of random numbers (Abadie and Chamorro, 2013) . The geometric Brownian motion has this property: formula (12) can be used for t = 1 and also for t = 20 years. In our case, using Monte Carlos simulations for t = 93 years and applying Equation (12), we obtain the probability distribution of SLR in 2100 for each city. Equation (12) is a property of the GBM stochastic model. In other types of stochastic process each Monte Carlo realization must usually be carried out step by step for small t values.
In this case we use 5,000,000 Monte Carlo simulations for the RCP8.5 scenario of each city's sea-level rise. The large number of simulations enables us to approximate almost exactly the theoretical distribution of S k t at time t. This can be proven by finding the median and the 95th percentile of the simulated values and comparing them with the theoretical values. Using the 95th percentile we have 250,000 simulated values for the most unfavorable situations, which enables us to obtain highly accurate values of VaR (95%) and ES (95%). Any value of confidence level could be used. As stated above, in this case we consider a confidence level of 95%, which corresponds to the worst 5% of cases. Table 3 shows our simulated values for 2100 compared to those estimated by Kopp et al. (2014) . Because we focus on the worst cases, the model is calibrated using the 95th percentile in 2100 and the median in 2030, 2050, and 2100. Thus, the simulated values obtained are exactly the same as those obtained by Kopp et al. (2014) for this percentile and the median, but differ slightly for the 5th percentile. With our calibration, we now have a stochastic diffusion model for each city and we can do risk calculations for any given date. The calibrated stochastic diffusion model could also be used to calculate real options.
The Economic Damage Function
Once the probability distribution of SLR is obtained, the objective is now to calculate the economic losses in each city. To that end, the damage function for each city k at each time t is defined as follows:
At time t the function presents the following form:
where f 1 (S k t ) represents the impact of SLR at time t, while f 2 (S k t ) shows the socioeconomic impacts in the absence of SLR. The additive damage specification of Equation (14) is a limitation that arises from the data available: on the one hand, we have the exposure of assets and population at risk. This exposure changes over time due to socioeconomic development. On the other hand, for each city we have an area at risk of coastal flooding that will increase due to sea-level rise. We thus assume that damage consists of the sum of the socioeconomic effect plus the damage caused by sea-level rise. The city-specific damage function has three main components:
(i) The local SLR S k t at time t in each city, estimated using the stochastic GBM model as described in Section Future Projections of SLR at City Level (ii) The damage based on the population and assets at risk of coastal flooding together with the socio-economic development of each city in the future from Hallegatte et al. (2013) 3 . Note that as a result damage also varies in a deterministic way following future socio-economic development. (iii) The probability of different extreme flood levels in each city. This information was obtained from our stochastic model together with the damage function from Hallegatte et al. (2013) , which incorporates results from the DIVA model (Vafeidis et al., 2008) on the probability of extreme events. The effect of coastal extreme events is added to the expected SLR. Consequently, losses can happen even when flood defenses are sufficient to cope with the (mean) relative sea-level rise.
In areas where there are coastal defenses, we assume that they fail to provide any protection once they are overcome, i.e., once sea level exceeds the height of the defense infrastructure. In this way we calibrate a continuous damage function for each city using discontinuous data. The main factor that increases damage is found to be SLR, but both factors obviously contribute to increases in risk over time.
RESULTS AND DISCUSSION
Stochastically estimated annual average losses for main European coastal cities are shown in Table 4 . Note that overall values range from US$1.2 billion in 2030 up to US$40.8 billion by the end of the century. The ranking of cities that can expect the greatest losses changes depending on the reference year. In 2030 it is led by Rotterdam, followed by Istanbul and Izmir. No loss is expected for Athens and Stockholm in 2030 because eustatic SLR is offset by other local processes. In 2050 losses in Istanbul can be expected to increase 7-fold and the Turkish city replaces Rotterdam at the head of the ranking. Losses increase significantly for all cities with respect to 2030, but the top five cities remain the same throughout the period. By the end of the century Istanbul remains as the city with the biggest losses, followed by Odessa, Izmir, and Rotterdam. For the top five cities damage is expected to increase between 4-fold and more than 7-fold with respect to 2050. Athens and Stockholm show negative expected sea-level rises in 2030, but we do not assume any benefit in this initial behavior. These values are comparable to other values in the relevant literature.
Using Monte Carlo simulations enables us to go one step further and obtain the distribution of damage for each city. distribution for the top 8 cities in the ranking in 2100. Observe that the horizontal axis is different in each figure and the vertical axis changes for each city.
Having the probability distribution of losses for different years enables us to measure risk for tail events. When attention is focused on low-probability but highly negative events through the estimation of risk measures, the results are dramatically higher than those in Table 4 (see Figure 4) .
The VaR (95%) and ES (95%) estimated for the nineteen European cities show aggregate values of US$ 4.8 and 8.2 billion in 2030, respectively. These aggregate losses increase to US$ 92.4 and 114.8 billion in 2100 4 . The top five cities in the ranking of damage do not change when risk measures arfe considered, although the 5% of worst cases for losses in 2100 are more than double the annual average losses. The results of the VaR (95%) and ES (95%) for each city are shown in Table 5 . Further results are provided in the Supplementary Material.
The top five cities are the same as when the analysis focusses on annual average values but the order changes. In 2030 Istanbul is the city most at risk according to ES (95%) -that is, the mean damage for those worst 5% of cases-followed by Rotterdam and St. Petersburg. By 2050 the ranking is still led by Istanbul, but now followed by Odessa, Rotterdam, and Izmir. The Expected Shortfall in 2050 for the top cities is 4-5 times higher than in 2030. By 2100, ES (95%) is three to 7-fold the figure for 2050. By the end of the century Izmir has moved up to third place.
A comparison of the damage in the worst 5% [(i.e., ES (95%)] with the trend in each city's GDP reveals that in 2030 every city except Istanbul and London has a projected GDP lower than US$ 220 billion while ES (95%) remains below US$1.4 billion. London and Istanbul both have higher city GDPs than the rest, but the latter presents the highest risk: in excess of US$ 2 billion (Figure 5) . By 2070 the relationship between risk and GDP varies: Istanbul shows the highest city GDP at over US$1200 billion, but also the highest risk at almost US$16 billion. London's GDP doubles to more than US900 billion; risk increases 3-fold but remains below US$900 billion. Risk increases 10-fold in the case of Odessa, from US$1.2 billion in 2030 to more than US$11 billion by 2070, while the city's GDP remains below US$72 billion. Following the ranking of cities with highest risk. Izmir. Rotterdam and St. Petersburg show significant increases in ES (95%) in relation to city GDP.
Results under Different Probabilities for RCP8.5
The results presented so far are for RCP8.5 only, i.e., they assume a 100% probability of occurrence for this scenario. Our reason for not considering other scenarios is that we are only focusing our attention on the worst 5% of cases and most of them are found within the probability distribution of damage in the RCP8.5 scenario. In this case we perform a sensitivity analysis to see Table 4 . Note that the vertical scale differs depending on the city.
how the results change if RCP8.5 is allocated a lower-than-100% probability. Table 6 shows the results for 25% and 50% probabilities of RCP8.5 in 2050 5 . Reducing the probability of RCP8.5 lowers the risk for all cities. The top five cities in the ranking remain the same.
If the same process is followed for 2100 similar results emerge: the top five in the ranking are the same, but Izmir is now third and Rotterdam drops to fourth. For Istanbul and Odessa, the risk is reduced approximately by one third (31% and 34%, respectively) when the probability of RCP8.5 is 25%. The reduction is lower for the rest of cases (see Table 7 ).
CONCLUSIONS
In the light of potential climate damage, the economics of adaptation are currently receiving great attention, particularly those studies that can offer reliable estimates that are useful for decision making. In this paper we estimate economic losses related to SLR in coastal cities. But we do so while paying special attention to one highly relevant factor: uncertainty. This factor needs to be carefully considered when calculating economic damage but most previous studies fail to properly account for it.
We incorporate three major innovations with respect to previous studies assessing expected economic losses from coastal extreme events. The first is the use of local relative SLR projections for each city which incorporate not only eustatic 5 Further results are included in the Supplementary Material. sea-level but also other processes identified at each site, including site-specific probability distribution parameters as defined by Kopp et al. (2014) .
The second innovation is that instead of approaching SLR deterministically we model it stochastically using a stochastic diffusion model. This modeling approach enables us to account for uncertainty and provides a diffusion model that can be used for many other calculations and at any given point in time.
The third innovation is a city-specific assessment of risk, drawn up by calculating two risk measures: (i) the VAR (95%), which represents the economic losses corresponding to the 95th percentile of the distribution of damage; and (ii) the ES (95%), which gives the average damage of the worst 5% of cases.
We believe this information to be highly relevant for decision making as it helps provide a much precise, deeper understanding of the risk faced. We acknowledge that dealing with many different sources of uncertainty is a challenging task, so innovative economic decision-support tools such as those identified by Newton and Weichselgartner (2014) and Watkiss et al. (2015) among others, are very necessary.
In this paper we have adapted methods for dealing with uncertainty that are well-known in other fields of economics (such as financial economics) and have successfully applied them to climate change adaptation in 19 European coastal cities. These methods enable us to turn our attention to so-called tail events. Our results show that despite their low probability of occurrence, the huge scale of the damage from them in comparison to annual average ones requires that they be very carefully considered in coastal vulnerability analysis. Local, regional, and national policymakers should not settle for traditional approaches but should seek to introduce risk assessments under uncertainty into their decision-making processes. This would enable them, for instance, to define some kind of acceptable level of risk according to the actual situation of each city and the risk aversion of decision makers, which would be a key input for effectively implementing adaptation to climate change. Finally, experience shows that "disasters are improbable but they do happen, " so policy makers need to consider them (Newton and Weichselgartner, 2014, p. 131) . Risk is an important variable for policymakers who need to deal with coastal extreme events in a context of rising sealevels and especially for risk-adverse coastal management (Hinkel et al., 2015) . This paper can serve as a guide to help regional, national, and supranational policymakers in Europe deal with low-probability, high-risk coastal extreme events. Our approach reveals not only the damage under the worst 5% of cases but also the trend in damage according to the RCP 8.5 emission scenario. In line with the level of risk in each coastal city and the risk aversion of decision-makers, adaptation measures will need to be implemented in the near future in order to avoid critical damage. These decisions should take into account the time needed to adapt, i.e., investment in adaptation will have to be designed and planned long enough beforehand to avoid major losses.
